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Symplectic Monge-Ampere equations

Let U = (u;;) be the Hessian matrix of a function u(z', ..., ™). Symplectic
Monge-Ampére equations are linear combinations of all possible minors of U

Examples:

first heavenly equation U13Uoq — UT4U23 = 1

second heavenly equation u13 + Uog + UT1USS — u%Q =0
Husain equation w11 + U9 + U13U94 — U4U93 = O
6D heavenly equation U1s + Uosg + UI3US4 — UTaU93 = O
Special Lagrangian 3 — folds Hessu = Au

Affine spheres Hessu =1

Equivalence group Sp(2n) acts by linear transformations of 1, ..., ™, u1, ..., u,

Integrability? Classification? Geometry?



Special Lagrangian 3-folds
Consider the space C? with coordinates z!, 22, 23 (2% = 2F + iuy,)
Symplectic form  w = duj; A dzt + dug N dx? + dus A dz?

Holomorphic volume form  Q = dz!' A dz? A dz3
Im Q = —dui Adus Adus+dug Adz? Adx® +dzt Adus Adz +dat Adx? Adus

Special Lagrangian 3-folds are specified by the equations w = Im 2 =0

1 n
geees U ULy ey Uy

In general: symplectic space R2™ with coordinates x
Symplectic form  w = duq A dx! + ... + du, A dz"”

Constant coefficient differential n-form ® in dz”, duy,

Symplectic Monge-Ampeére equations are specified by the equations w = ® = 0

Manifestly Sp(2n) invariant



Integrability: the method of hydrodynamic reductions

Applies to quasilinear equations
A(u)u, + B(u)u, + C(u)u, =0

Consists of seeking N-phase solutions

The phases Ri(cc, Y, t) are required to satisfy a pair of commuting equations

R, = ' (R)R,, R;=N(R)E,

Yy T
Commutativity conditions: % = %
Definition
A quasilinear system is said to be integrable if, for any number of phases N, it
possesses infinitely many hydrodynamic reductions parametrized by N arbitrary

functions of one variable.



Example of dKP
Ugpt — %Ufm = Uyy

First order (hydrodynamic) form, set v = Uy, W = Uyy:
N-phase solutions: v = v(R!, ..., RY), w = w(R!, ..., RV) where

R, = ' (R)R,, Ri=X(R)E,

y x
Then

Ow = 'O, AN =uv+ (u')?
Equations for v(R) and u*(R) (Gibbons-Tsarev system):

: 0:v 0: 00V
0. Zz%, 0;0;v = 2 it
T ’ (pd — pt)?

In involution! General solution depends on N arbitrary functions of one variable.




Generalized dKP
Ugt — f(ua:a:) = Uyy

First order (hydrodynamic) form, set v = Uyy, W = Ugy:
vy — f(V)vy = wy, vy = wy
N-phase solutions: v = v(R!, ..., RV), w = w(R, ..., RY) where

R, = (R)R,, Ri=X(R)E,

Y
Then

Oiw = p'dw, A= f'(v) + (')
Generalized Gibbons-Tsarev system:

(9]'”0

T __ gl a9 .. 1
oju' = f (U),uj—,ui’ 0;0;v = 2f"(v)

Involutivity <— [/ =0



Transformation to quasilinear form

2D Monge-Ampére equation
2
UL1U22 — Uy = 1
Setv = u11, W = uig. Then ugy = (1 + w?) /v, and we get
vy = wy, we = ((1 +w2)/v)1
3D Monge-Ampére equation
U11U23 — U12U13 = 1
Setv = uy1, W = U129, T = u13. Thenusz = (1 + wr) /v, and we get

Vg =Wy, V3 =711, ws=r, w3=((1+wr)/v),



Symplectic Monge-Ampeére equations in 2D
Hessian matrix
[ — Uil U2

U2 U22

Symplectic Monge-Ampére equations are of the form
Mo + My + My =0

Explicitly,

€<U11U22 — u%2> + auqq + bu12 -+ Ccu9oo + d=20

Any such equation is linearisable by a transformation from Sp(4)



Geometry in 2D

1

Symplectic space with coordinates -, a:2, u1, U2. Lagrangian planes form the

Lagrangian Grassmannian A

Uy U1 U12 L

U U2 U222 L

Plicker embedding of A3in Ptis (1 DU S ULY U9 L ULTU99 — u%Q)

Symplectic Monge-Ampére equations «+— hyperplanes in P*
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Symplectic Monge-Ampere equations in 3D
Hessian matrix
U1 U2 U113

U= U2 U222 U23

U3 U23 U33

Symplectic Monge-Ampére equations are of the form
Ms + Mo + My + Mo =0

In 3D there exist three essentially different canonical forms modulo the equivalence
group Sp(6) (Lychagin, Rubtsov, Chekalov, Banos):

U1l = Ugg + uzz, Hessu=A~Au, Hessu=1

Integrability <——> linearisability (not true in dim 4 and higher).
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Geometry in 3D

Symplectic space with coordinates a:l, xQ, x3, u1i, U2, us. Lagrangian planes form

the Lagrangian Grassmannian A°

Pltcker embedding of A% in P13

Integrable symplectic Monge-Ampere equations <— hyperplanes
tangential to A® C P!?
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Symplectic Monge-Ampere equations in 4D

Consider a symplectic Monge-Ampere equation in 4D for u(a:l, 5132, :1:3, a:4) and

take its traveling wave reduction to 3D,
u=u(z' +az*, 2® + pat, 2’ + ya2*) + Q(z, x),

where Q(x, x) is an arbitrary quadratic form.

Integrability in 4D <—— linearisability of all traveling wave reductions
to 3D

In particular, all traveling wave reductions of the first heavenly equation

U13U24 — U14U23 = 1 are linearisable.
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Classification of integrable equations in 4D

linear wave U171 — U9 — U33 — Ugg = 0

first heavenly U13U24 — U qUoz = 1

second heavenly U13 + Uy + UT1USS — u%Q =0

modified heavenly W13 = U1oU44 — U14U4

Husain U11 + U + U13U94 — UTgaUs3 = O

general heavenly QUi9Uzg + PUiztog + Yurausz =0, a+B8+~v=0
Conjecture

In dimensions D > 4, any integrable equation of the form
F'(u;;) = 0is necessarily of the symplectic Monge-Ampére type

Not true in 3D: take the dKP equation v+ — %ufxc = Uyy
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Geometry in 4D

Symplectic space with coordinates a:l, x2, x3, x4, ui, U2, U3, Ug. Lagrangian

planes form the Lagrangian Grassmannian A0

41

Plicker embedding of A0 in P4! is covered by a 7-parameter family of A°

Integrable symplectic Monge-Ampeére equations <— hyperplanes
tangential to A'Y C P*! along a four-dimensional subvariety X *

which meets all A® ¢ PH

15



