LTCC Geometry and Physics: Exercise Sheet 4

Homotopy theory
1. Let a be the loop

a:[0,1] - R*\ {0} : t ( Z?r?g;g)

By constructing a suitable homotopy show that [a * a™!] = [c] where
2 1
c:[0,1] =R\ {0} : t+ N

2. Let «, B and 7 be three loops. Show that
[(ax 3) %] = [ax (7).

3. Consider the equivalence relation in the R?-plane
: k
x~y if x=y+ R where k,l € Z.
The equivalence classes form the torus 72. Let
2 0 2 t
a:0,1] =T :t— ; and [:[0,1] =T :t— i

(a) Think of the torus as a donut and sketch the loops « and 3.

(b) Show that for the torus [a * 8% a™! % 371] =[] for a suitable constant
path ¢. What does this mean? (Hint: [o x (] =7)

4. Explain why 7,(M) is Abelian for n > 1. (Hint: “Thicken” the boundary of
the cubes)

Vortices

1. Show that

2

is gauge invariant under

¢ = €

a; — a;+ 0«

where Dz = z¢ — iaigzﬁ, and B = 81a2 - agal.



2. The vector potential is a one form
a = aydx + axdy = a,dp + aedo.

Show how a, and agy are related to a; and ay. For the field strength f = da
calculate fio and f,y where

f = fiedx Ndy = fpedp A dO.
3. Show that the gauge transformation
¢ — e’
1s not continuous.
4. Derive the equations of motions for L =T —V

(a) for the relativistic Lagrangian
1 _
T=3 / (€1 + €5 + Dog Do) d*,
where e; = Oya; — 0;ag are the components of the electric field.

(b) For the Schrédinger-Chern-Simons Lagrangian
7 — -
T = / (5 (¢DO¢ — ngOgb) + Bao + e1a9 — esa1 — (l()) dQZL‘.

5. Show that inserting h = 2¢g + 2log (%(1 — |z|2)) , into

N
Veh+ Q= Qe =4n> " 6*(z - Z,)
r=1

where

8
=T

gives rise to Liouville’s equation
N
Vig —e* = 27r252(z — 7).
r=1

The solution of Liouville’s equation is
2

df

1 o\ 1
9= ~tog (50171 ) + 51os |

where f(z) is an arbitrary complex function.

Take )
z— 7
f(z> = (1 —ZZ)

and calculate the metric for a single vortex using the formula from lecture 6.
Show that the Kihler potential for this metric is proportional to log(1 — |z|?).
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