ON A VARIATIONAL COMPLEX FOR DIFFERENCE EQUATIONS

Elizabeth L Mansfield and Peter E Hydon

Abstract. A variational complex for difference equations is described, yielding a characterization of difference Euler Lagrange equations.

1. Variational methods for difference systems

The variational complex enables several fundamental problems to be resolved. For differential equations, this complex has been shown to be exact, and the resulting homotopy operators can be used to construct conservation laws [O]. At present, it is not clear how to discretize differential equations so as to preserve conservation laws. This problem has been studied by using Hamiltonian or Lagrangian structures to devise a discrete analogue of Noether’s theorem [WM, M]. However, to deal with arbitrary difference equations, a discrete analogue of the variational complex is needed.

There is no a priori translation of the continuous variational complex to the discrete case. The main reasons are that there is no de Rham complex on Z^p, and neither S nor S − id are derivations (obey a Leibnitz rule). The variational complex we construct in this article was designed for the discrete Euler-Lagrange operator that is obtained when a discrete variation of a discrete action is calculated in the natural way. The proof of the main result, that the complex is formally locally exact, is fully detailed in [HM], together with a discrete version of Noether’s theorem, a discussion of the continuum limit of our complex, and more examples.

It has been known for some time that a discrete analogue of the variational complex should exist which is independent of any implicit

1991 Mathematics Subject Classification. 49J10, 39A12. Key words and phrases. calculus of variations, difference equations. 1

2 ELIZABETH L MANSFIELD AND PETER E HYDON

continuum limit [K], and we start by describing the calculations for a simple example. In §2 we describe the analogues of the horizontal and functional vertical complexes that will be spliced together to form our full variational complex, and an analogue of integration by parts. We follow the line of argument for the continuous case, as well as the notation, of [O] where appropriate. In §3 we splice the complexes together, and prove the resulting complex is exact at the splicing point.We conclude with open problems.

1.1. A simple example. We consider a simple example on a onedimensional lattice. Suppose a discrete Lagrangian density is given by L_n = u^2_nu_{n+2} and that the action is the discrete analogue of the integral, namely the sum of L_n over the lattice. Thus we take the action to be W = ∑ n L_n = ∑ n u^2_nu_{n+2}.

Then the variation of the action is given by

ΔW = ∑ n,m ∂L_n ∂u_m Δu_m = ∑ n { 2u_nu_{n+2}Δu_n + u^2_nΔu_{n+2} } = ∑ n { 2u_nu_{n+2} + u^2_{n−2} } Δu_n by a change of dummy variable in the second summand. For the action to be zero for all variations Δu_n, we conclude that E(L_n) = 2u_nu_{n+2} + u^2_{n−2} = 0, for all n.

In general, if S is the shift operator sending u_n to u_{n+1}, we have that

ΔW = ∑ n,m ∂L_n ∂u_m Δu_m = ∑ n,m ( S^{−m} ∂L_n ∂u_{n+m} ) Δu_n ≡ 0

for arbitrary Δu_n, if and only if

E(L_n) = ∑ m S^{−m} ∂L_n ∂u_{n+m} = 0 for all n. We take n to be the generic index, and write “E(L_n) = 0 for all n” as E(L) = 0. Then E(L) = 0 is a difference equation, just as the Euler-Lagrange equation of a continuous Lagrangian is a differential equation.

ON A VARIATIONAL COMPLEX FOR DIFFERENCE EQUATIONS 3

It is simple to see that the Euler operator is zero on total differences, the analogue of total divergences. That is, E(Sf − f) ≡ 0 for all f.

Next, we consider the analogue for the Helmholtz condition on our simple example. Thus, we seek to show that the linearization of E(L) is self-adjoint. Set P = E(L) = 2u_nu_{n+2} + u^2_{n−2}. Define

D_P (Q) = d dϵ | | | |_{ϵ=0}P (u + ϵQ) = 2(u^{n+2}Q^n + u^nQ^{n+2} + u^{n−2}Q^{n−2})

We take the inner product on the Hilbert space ℓ_2 of square summable sequences, and observe that

D_P (Q) · R = 2 ∑ n (u_{n+2}Q_n + u_nQ_{n+2} + u_{n−2}Q_{n−2})R_n = 2 ∑ n (u_{n+2}R_n + u_{n−2}R_{n−2} + u_nR_{n+2})Q_n

= D_P (R) · Q

where we have used a change of dummy variable in the last two summands. Thus, the operator D_P is formally self-adjoint.

We write the Helmholtz condition as the map H given by

H(P ) = D_P − D^∗_P .

Then in fact we have a sequence of maps, · · · S −id, E, H · · · satisfying the condition that the composition of two adjacent maps is the zero map, that is, · · · im(S−id) ⊆ ker(E), im(E) ⊆ ker(H) · · · The fact that the complex we describe is locally exact means that these inclusions are in fact equalities, when the domains of the functions involved are “starshaped”. Further, in [HM], homotopy operators are given which solve the problem of finding a pre-image.

2. The Horizontal & Vertical Complexes

We consider discrete equations on a p-dimensional lattice. The independent discrete variables are denoted n_1, . . . n_p. The dependent variables u^1, . . . u^q are assumed to be smooth and to take values in C .

Definition 2.1. A smooth function depending on n, u^α_n and finitely many iterates of u^α_n is written as P [u]. The algebra of such functions is denoted A while the algebra consisting of ℓ-tuples of such functions is denoted A^ℓ.

Definition 2.2. We define the shift map in the n_k direction to be S_ku^α_n = u^α_{(n1,... ,nk+1,... ,np)} = u^α_{n+1k} (2.1)

4 ELIZABETH L MANSFIELD AND PETER E HYDON

and write the composite of shifts using multi-index notation as S^K = S^{K1}_1 . . . S^{Kp}_p

(2.2) so that u^α_{n+K} = S^K u^α_n. The shift map acting on A is given by S_kP (n, . . . , u^α_{n+K}, . . . ) = P (n + 1_k, . . . , u^α_{n+K+1k} , . . . ) (2.3)

2.1. The Horizontal Complex. Let Ex(p) be the exterior algebra on p symbols Δ_1, . . . Δ_p, so that Δ^2_i = 0, Δ_iΔ_j = −Δ_iΔ_j .

Definition 2.3. We define the algebra of horizontal forms to be Ex = ⋃ n∈Z^p Ex(p)

with coefficients in A and pointwise multiplication and addition.

A typical element of Ex takes the form ω = ∑ 1≤j≤p P_{i1i2...ij} [u]Δ_{i1} Δ_{i2} . . . Δ_{ij} (2.4) where P_{i1i2...ij} [u] ∈ A. Definition 2.4. The shift map acting on elements of Ex is defined by (2.3), S_k(Δ_i) = Δ_i and S_k(ηω) = S(η)S(ω), so that S_k on the typical element (2.4) is S_kω = ∑ 1≤j≤p S_k(P_{i1i2...ij} [u])Δ_{i1} Δ_{i2} . . . Δ_{ij} . There is a natural grading of Ex. We say ω ∈ Ex^j, j = 1 . . . p if ω = ∑ i_1≠···≠i_j P_{i1i2...ij} [u]Δ_{i1} Δ_{i2} . . . Δ_{ij} . Further, Ex^0 = A.

Definition 2.5. The total difference map Δ : Ex^j−→Ex^{j+1} is Δ(ω) = p∑ k=1 Δ_k · (S_k − id)ω (2.5)

for j = 0, . . . , p − 1.

On the typical element (2.4), we have

Δ(ω) = ∑ 1≤j≤p p∑ k=1 (S_k − id)(P_{i1...ij} [u])Δ_kΔ_{i1} . . . Δ_{ij} .

ON A VARIATIONAL COMPLEX FOR DIFFERENCE EQUATIONS 5

Example 2.6. If ω = n_1u_{n1n2} u_{n1+1,n2} Δ_2 then

Δ(ω) = [(n_1 + 1)u_{n1+1,n2} u_{n1+2,n2} − n_1u_{n1n2} u_{n1+1,n2} ] Δ_1Δ_2.

Since the maps (S_k − id) commute pairwise, the proof that Δ^2 = 0 is standard.

Theorem 2.7. The horizontal complex 0−→C^i−→ Ex^0 Δ−→ · · · Δ−→ Ex^p (2.6) where i is the inclusion map, is exact; that is, kerΔ | | Ex^j = imΔ|Ex^{j−1} for j = 1, . . . p − 1 and kerΔ|Ex0 = C .

The proof of this result, which is long and technical, is given in [HM]. Note that Δ is not a derivation, that is, Δ(wη) ≠ (Δw)η ± w(Δη). Hence Δ does not respect the natural product structure on Ex. Further, there is no obvious sense in which the space Ex^1 | |_n can be considered as the dual space to some tangential object. The geometric meaning of this exterior horizontal complex, if there is one, remains to be investigated.

2.2. Vertical forms.

Definition 2.8. A vertical k form is a finite sum ^w = ∑ α,n^1...n^k P^α_n1_{...n}k [u]du^{α1}_{n1} ∧ . . . ∧du^{αk}_{nk} where the coefficients P^α_{n1...nk} [u] ∈ A. We define the differential ^d to be ^d( ^w) = ∑ β,n^j ∑ α,n^1...n^k ∂ ∂u^β_{nj} P^α_n1_{...n}k [u]du^β_{nj} ∧du^{α1}_{n1} ∧ . . . ∧du^{αk}_{nk} . Example 2.9. For ^w = nu_ndu_{n+1} − u^2_{n+2}du_{n+2}, ^d ^w = ndu_ndu_{n+1}. Since any given vertical form can depend on only finitely many of the iterates, it is readily seen that the ^Λ complex with differential ^d is an extension of the well-known de Rham complex, with independent variables u^α_J ; the n_i play the role of parameters. Indeed, ^d is bilinear, is a derivation, ^d( ^w∧^η) = d ^w∧^η + (−1)^k ^w∧ ^d ^η and satisfies ^d^2 = 0. The Poincaré lemma for the continuous vertical complex extends immediately to yield the following result.

6 ELIZABETH L MANSFIELD AND PETER E HYDON

Theorem 2.10. The vertical complex ^Λ^{0 ^d}−→ ^Λ^{1 ^d}−→ ^Λ^{2 ^d}−→ . . . (2.7)

is exact.

Definition 2.11. The shift map on vertical forms is defined to be linear, to commute with ^d, and to satisfy S(^ω ∧ ^η) = S(^ω) ∧ S(^η) together with the standard action on the coefficients given in (2.3).

Hence

S_jdu^α_{n+K} = du^α_{n+K+Ij} and S^K du^α_n = du^α_{n+K} .

(2.8)

2.3. Functional forms. The right hand side of the discrete variational complex is a quotient of the vertical complex described above under an equivalence relation. In the continuous case, two functions are equivalent if they differ by a total divergence, while here we say that two functions of the iterates are equivalent if they differ by a total difference. The equivalence classes are said to be functionals.

Definition 2.12. We define an equivalence class on A by, f ∼ g ⇐⇒ f − g = p∑ k=1 (S_k − id)h_k for some (h_1, . . . , h_p) ∈ A^p. The set of functionals F is defined to be the set of equivalence classes, F = A/ ∼ . We denote the equivalence class of f ∈ A by ∑ f. The notation reflects the (formal) identity that ∑ K f_K = 0 if f is a total difference.

Note that F is not an algebra, that is, products of functionals are not functionals.

An equivalence relation on ^Λ^k of vertical k-forms can be defined similarly, ^w ∼ ^w^1 ⇐⇒ ^w = ^w^1 + p∑ i=1 (S_i − id)^η_i ^η_i ∈ ^Λ^k for some ^η_i, i = 1, . . . , p, where S_i acts on ^η_i according to the definition (2.11). Again, we denote the equivalence class of ^w by ∑ ^w. The equivalence classes are called functional forms, and the set of equivalence classes ^Λ^k/ ∼ is denoted by Λ^k_∗

ON A VARIATIONAL COMPLEX FOR DIFFERENCE EQUATIONS 7

2.4. Analogue of integration by parts. In the continuous variational complex, much use is made of the product (Leibnitz) rule of differential calculus, and the consequent integration by parts, at every stage in the proof of exactness of the continuous variational complex. In the discrete case studied here, neither the shift maps S_i nor the difference maps S_i − id obey the Leibnitz rule.

First note that given two sequences {f_n}, {g_n}, we have the identity ∞∑ −∞ (Sf)_n g_n = ∞∑ −∞ f_{n+1} g_n = ∞∑ −∞ f_n g_{n−1} = ∞∑ −∞ f_n(S^{−1}g)_n

by a change of dummy variable. Further, given f, g ∈ A, and letting S denote S_j for some j, (Sf)g − f(S^{−1}g) = (S − id)(fS^{−1}g) Hence, we have ∑ (Sf)g = ∑ f(S^{−1}g) (2.9) using both the definition and the natural interpretation. Equation (2.9) is our analogue of “integration by parts”.

2.5. The vertical functional complex. Definition 2.13. If w = ∑ ^w is a functional k-form corresponding to the vertical k-form ^w, define the variational derivative to be δw = ∑ ^ d ^w. It is simple to show that ^d S_j = ^d, and therefore that δ is welldefined. Further, since ^d^2 = 0, it follows immediately that δ^2 = 0.

Theorem 2.14. The vertical functional complex 0−→Λ^0_∗^δ−→ Λ^1_∗^δ−→ · · ·

(2.10) is exact.

3. The discrete variational complex Definition 3.1. The Euler-Lagrange operator acting on an element of A, corresponding to a dependent variable u^α is E_α(f) = ∑ K S^{−K} ∂_uα_{n+K} (f). The Euler-Lagrange operator acting on an element of Ex^p is

E(fΔ_1 · · · Δ_p) = q∑ α=1 E_α(f) du^α.

8 ELIZABETH L MANSFIELD AND PETER E HYDON

We let π : ^Λ−→Λ_∗ denote the projection which takes a vertical form to its equivalence class, π(^ω) = ∑ ^ω. Then the discrete variational complex is, writing π ∘ E as E

0−→C −→Ex^0 Δ−→ Ex^1−→ · · · Δ−→ Ex^{p E}−→ Λ^1_∗^δ−→ Λ^2_∗^δ−→ · · ·

(3.1)

Consider Figure 1, with E(f)du written for ∑ α E_α(f)du^α_n. Δ−→ Ex_{p−1} Δ−→ Ex_p E−→ ^∧1 π π 0−→ ∧^0_∗^δ−→ ∧^1_∗^δ−→ ∧^2_∗−→

f Δ_1 · · · Δ_p^E−→ E(f)du π π ∑ f^δ−→ ∑ E(f)du Figure 1. Splicing the horizontal and vertical functional complexes

Lemma 3.2. δ ∘ π = π ∘ E.

Proof. Using the discrete ‘integration by parts’ formula (2.9) π ∘ E(f) = ∑ ∑ α E_α(f)du^α_n = ∑ (∑ α,K (S^{−K} ∂_uα_{n+K} f)du^α_n )

= ∑ (∑ α,K (∂_uα_{n+K} f)(S^Kdu^α_n) )

= ∑ (∑ α,K ∂_uα_{n+K} fdu^α_{n+K} ) = ∑ ^ df = δ ∘ π(f) where S^K is defined in (2.2) and we have used the action of the shift maps on vertical forms given in (2.8).

Theorem 3.3. The variational complex is exact at Ex^p and at Λ^1_∗. Specifically, (A) The Euler Lagrange operator has for its kernel precisely those functions in A that are total differences, that is, ∑ E(f)du = 0 ⇔ ∑ f = 0

ON A VARIATIONAL COMPLEX FOR DIFFERENCE EQUATIONS 9

(B) The variational derivative δ | |_{Λ1∗} has for its kernel precisely those

expressions which are Euler-Lagrange equations, that is, δ( ∑ ∑ α f_αdu^α) = 0 ⇔ f_α = E_α(L) for some L Proof. To show Part A, note that ∑ E(f)du = 0 ⇐⇒ π∘E(f) = 0 ⇐⇒ δ ∘ π(f) = 0 ⇐⇒ π(f) = 0 ⇐⇒ ∑ f = 0 or f is a total difference, where we have used the preceeding Lemma and the exactness of (2.10).

To show Part B, if ω^∗ ∈ Λ^1_∗ is such that δω^∗ = 0, then by exactness of the vertical functional complex, there exists η^∗ ∈ Λ^0_∗ such that δη^∗ = ω^∗. But η^∗ = ∑ η = π(η) for some η ∈ ^Λ^0. Hence ω^∗ = δπ(η) = πE(η), showing that ω^∗ is in the image of πE as required. Since η ∈ Ex^p it is of the form LΔ_1 · · · Δ_p, with L ∈ A. The desired Lagrangian is L.

So, what do these results mean for the study of systems of partial difference equations? Given f_1 = 0, f_2 = 0, . . . , f_q = 0 in the dependent variables u^α, α = 1, . . . , q, we write down an element of Λ^∗_1, namely f = f_1du^1_n + f_2du^2_n + · · · + f_qdu^q_n.

This involves deciding which equation belongs to which dependent variable, that is, for which j is f_i = E_j(L) for some (as yet unspecified) L. Assigning the wrong f_i to each du^j_n will result in the discrete Helmholtz condition failing, i.e. δf ≠ 0, and the fact that the system is an Euler- Lagrange system may be missed. Worse is if the system is only equivalent to an Euler-Lagrange system, for example, if E_1(L) = g_1, E_2(L) = g_2, and f_1 = g_1 + g_2, f_2 = g_1 + Sg_2. Even for the continuous case, the general equivalence problem, of detecting when a system is equivalent to an Euler-Lagrange system, is open. (See [O] §5.4) Given that δf = 0, we may use the homotopy operator for the vertical functional complex to find L. We show the results for a single ordinary difference equation. The general result may be found in [HM].

Example 3.4. A special case of the first discrete Painlevé equation is P ≡ u_{n+1} + u_n + u_{n−1} + αn + β 1 + u_n

+ μ = 0

(3.2)

([GNR]; we have translated u_n to 1 + u_n to simplify our calculations here). This equation satisfies D_P = D^∗_P and hence a Lagrangian exists for this equation. Calculating the homotopy yields L = ∫_1 0 P [λu]u_n dλ = ∫_1 0 [ μu_n + λ(u_{n+1} + u_n + u_{n−1})u_n + αn + β 1 + λu_n u_n ] dλ = μu_n +^1_2 (u_{n+1} + u_n + u_{n−1})u_n + (αn + β) log(1 + u_n)

10 ELIZABETH L MANSFIELD AND PETER E HYDON

It is straightforward to check that E(L) = P .

4. Open problems

• The geometric meaning of the horizontal complex. • The relationship to other versions of a variational complex for difference equations, designed to have specific continuum limits including boundary behaviour ([KP], Chapter 8).

• Comparisons with discretizations of variational principles, to preserve symplecticity [WM] or “integrability” [V].

• Formulation of a discrete variational complex for Lagrangians which are invariant under a group action (cf. [AP]).

References

[AP] I.M. Anderson and J. Pohjanpelto, The cohomology of invariant variational bicomplexes, Acta Appl. Math., 41 (1995), 3–19.

[GNR] B. Grammaticos, F.W. Nijhoff and A. Ramani, Discrete Painlevé Equations, in “The Painlevé Property, One Century Later” [R. Conte, Editor], CRM Series in Mathematical Physics, Springer-Verlag, Berlin, pp. 413–516 (1999) [HM] P.E. Hydon and E.L. Mansfield, A variational complex for difference equations, preprint UKC/IMS/00/32, University of Kent, U.K., 2000.

[KP] W.G. Kelley and A.P. Peterson, Difference Equations, Second Edition, Harcourt/Academic Press, San Diego, 2001.

[K] B.A. Kupershmidt, Discrete Lax equations and differential-difference calculus, Astérisque, vol 123, Société Mathématique de France, 1985.

[M] S. Maeda, Canonical structure and symmetries for discrete systems, Math.

Japonica, 25 (1980) 405–420.

[O] P.J. Olver, Applications of Lie groups to differential equations, Second Ed., Graduate Texts in Mathematics, vol 107, Springer Verlag, New York, 1993.

[V] A.P. Veselov, Integrable discrete time systems and difference operators, Funkts. Anal. Prilozhen., textbf22 (1988), 1–13.

[WM] J.M. Wendlandt and J.E. Marsden, Mechanical Integrators derived from a discrete variational principle, Physica D106 (1997), 223–246.

Institute of Mathematics and Statistics, University of Kent, Canterbury, Kent, CT2 7NF, England.

E-mail address: E.L.Mansfield@ukc.ac.uk

Department of Mathematics and Statistics, University of Surrey, Guildford GU2 5UX, England.

E-mail address: P.Hydon@surrey.ac.uk