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Abstract. We consider a finite buffer system where the buffer content
moves in a Markov-additive way while it is strictly between the buffer
boundaries. Upon reaching the upper boundary of the buffer the content
is not allowed to go higher and for every additional input into the sys-
tem a penalty must be paid (to negotiate buffer overflow). At the lower
boundary (empty buffer) the process terminates. For this system we de-
termine the joint distribution of the total overflow and the last time of
being at the upper boundary. The analysis is performed using exursion
theory for Markov-additive processes.

1 Introduction

We shall consider a finite buffer system where the buffer content changes ac-
cording to a Markov-additive process (MAP) while it is strictly between the
buffer boundaries. Upon reaching the upper boundary of the buffer the con-
tent is not allowed to go higher and for every additional input into the system
a penalty must be paid (to negotiate buffer overflow). At the lower boundary
(empty buffer) the process terminates.

Such a system plays an important role in different areas of applied probability.
It might represent a dam and its storage (or capacity) process. It is also used
in insurance mathematics to model dividend payments. In queueing theory a
penalty for buffer overflow is a standard consequence and termination once the
buffer is empty is a natural restriction to the busy cycle. The content of the
buffer is often called work load or virtual waiting time in queueing applications.

The model to be analysed in this paper is general enough to encompass
a large variety of popular modelling approaches. Among them are Markovian
single server queues (with BMAP input, see [17] for definition and [10] for esti-
mation, and phase-type service time distributions, see [18] for definition, [7] for
estimation, and [11] for a recent continuity result) or stochastic fluid flows with
possible Brownian perturbation (see the seminal paper [3] or [1,9] for recent
related results without perturbation). An algorithmic solution for the time to
buffer overflow in a Markov-additive framework is given in [6], section 6, see also
[2]. An algorithmic solution for the expectation of the total overflow during a
cycle is presented in [13], albeit in terms of insurance risk.



Assuming that the penalty to be paid is simply the amount of system input
while the buffer is full (the total buffer overflow), we shall determine the joint
distribution of this penalty and the last time of being at the upper boundary.
We do not assume necessarily that the system starts with an empty buffer.

The analysis is performed mainly by matrix-analytic methods using prob-
abilistic arguments wherever possible. This naturally results in formulas con-
taining matrices which are to be computed via fixed point iterations. We shall
present examples for the simple cases allowing explicit scalar solutions. This re-
striction is due to the circumstance that only for these there are solutions in the
literature which can be compared with results in the present paper.

The paper is structured as follows. Section 2 contains an exact definition
of the model to be analysed and the performance measures we wish to deter-
mine. Section 3 presents preparatory results from recent literature that will be
needed in this paper. Section 4 finally contains the main result. Examples will
be developed throughout the paper in subsequent stages.

2 The model

Let J = (jt :t > 0) be an irreducible Markov process with finite state space
F and infinitesimal generator matrix Q = ((jij)i’ jei- We call J; the phase at
time ¢ > 0 (another common name is regime). Define the real-valued process
X = (X't : t > 0) as evolving like a Lévy process X with parameters fi;
(drift), 67 (variation), and 7; (Lévy measure) during intervals when the phase
equals i € E. For the sake of a more concise presentation we exclude the case
of fi; = 62 = 0, i.e. a pure jump process or the constant zero process, for any
phase i € E. Whenever J jumps from a state i € E to another state j € E,
this may be accompanied by a jump of X with some distribution function Fy;.
Then the two—dimensional process ()E T ) is called a Markov—additive process
(or shortly MAP). In short, a MAP is a Markov-modulated Lévy process with
possible jumps at phase changes. For a textbook introduction to MAPs see [4],
chapter XI.

We now turn to define our model B = (B : ¢t > 0) for the buffer content,
where B, shall denote the content level at time ¢t. Let b > 0 denote the upper
buffer boundary beyond which overflow occurs and penalty must be paid. As long
as 0 < By < b, the process B equals X. Upon passing the upper boundary b from
below, B does not increase above b and any additional buffer input is recorded as
overflow. If a positive jump of size x occurs at time ¢t and b — x < B;_ < b, then
we agree upon the rule that the buffer content rises up to b and the overflow
increases by B;— — (b — z). Upon passing the lower boundary 0 from above, the
busy cycle concludes and we stop our examination. Thus we consider B as a
MAP that is reflected at the upper boundary b and terminates upon passing the
lower boundary 0. In exact terms,

~ ~ +
By = X, — (SupXS — b)

s<t



for all t < 75(0), where (V)T := max(V,0) and

+

75(0) := inf {tEO:fQ— <sust—b> SO} (1)
s<t

For the sake of defining B at all times, say By := 0 for all ¢ > 75(0).

Denote the initial buffer content by v := By > 0. We may assume u < b
without loss of generality, since b < u would entail an immediate pay-out of
a penalty of u — b and the buffer content process would continue with initial
surplus b.

Let D denote the total overflow during a busy cycle. This can be defined as
follows. First, let

+
S(t) == (sup X, — b>
s<t
denote the overflow until time ¢ € [0, 73(0)]. Then D := S(75(0)) is the total
overflow during a busy cycle. Define the generalised inverse of the function S(t)
by
S7Hx) :=inf{t > 0:8(t) >z}

for # > 0. Then S~1(D) is the last time of overflow before the end of the busy
cycle. R

In this paper we shall determine the joint distribution of D and S~!(D) in
the form of an expression for

F(z,v):=E (67’73_1(‘7&); D > x)

where z > 0 and v > 0. Note that S~ (D) signifies the time of the last overflow
and may be strictly smaller than 75 (0), the end of the busy cycle. Further note
that the process B and hence F'(z,7) is completely determined by X.

Example 1 We consider the classical M/M/1 queue. Inter—arrival and service
times are iid exponential with parameter A > 0 and 3 > 0, respectively. The total
work load at time ¢ > 0 (including the overflow) within a busy cycle starting
with a buffer content u > 0 is given by

Ny
Xi=u+)Y Cn—t (2)
n=0
where (N : t > 0) is a Poisson process with intensity A and the C,,, n € N, are
iid random variables with exponential distribution of parameter (3.
The total work load process can be analysed as a MAP with exponential (and
hence phase-type) positive jumps with parameter 3. For this, we would need

only one phase, i.e. |E| = 1. This phase governs a Lévy process with parameters
=0, ji=—1, and 7(dr) = e P*Bdx for all x > 0.

Before we can proceed by analysing our model, we first need to collect some
necessary preliminary results for MAPs. This shall be the purpose of the next
section.



3 Preliminaries

3.1 Markov—additive processes with phase—type jumps

In this section we introduce the restriction that all jumps have a phase-type
distribution. Then we construct a new MAP (X, 7) from the given MAP (X, )
without losing any information. This new MAP will have continuous paths which
simplifies the one- and two-sided exit problems (cf. sections 3.2 and 3.3) consid-
erably.

Denote the indicator function of a set A by I4. We assume that the Lévy
measures 7; have the form

7i(dz) = A Izso0y % exp (T 2) 0+ gy
+ A <oy o7 exp(=T)"2)n " da (3)

for all i € E, where )\fE > 0 and (a(“)i,T(“)i) are representations of phase—
type distributions without an atom at 0. The n*)* := —T()%*1 are called the
exit vectors, where 1 denotes a column vector of appropriate dimension with all
entries being 1. This means that the jump process induced by the Lévy measure
v; is compound Poisson with jump sizes of a doubly phase—type distribution.
Denote the order of PH(a()% TDE) by mE. Further write \; := A\ + A

Likewise, let pjj (resp. p;;) denote the probability that a positive (resp. neg-
ative) jump is induced by a phase change from i € F to j € E, and assume that
these jumps have a PH (a(#)* T()%) distribution without an atom at 0. Note
that p;; +p;; < 1foralli,je E. Let mi denote the order of PH (a(#)* T()+)
and define 7(#)+ .= —7)+1,

The class of Markov—additive processes with these assumptions of phase-type
jumps is dense within the class of all MAPs, see [5], proposition 1. The main
advantage of the phase—type restriction on the jump distributions is the possi-
bility of transforming the jumps into a succession of linear pieces of exponential
duration (each with slope 1 or -1) and retrieving the original process via a simple
time change, see [8].

This is done in the following way. Without the jumps, the Lévy process X
during a phase i € E is either a linear drift (i.e. 6; = 0) or a Brownian motion
(with parameters ¢; > 0 and fi; € R). Considering this MAP (without the
jumps) we can partition its phase space F into the subspaces E,, (for positive
drifts), F, (for Brownian motions), and E,, (for negative drifts). We thus define

E,={icE:ji>0,6,=0}, E,:={icFE:ji;<0,6; =0} (4)
and E,:={iecE:5; >0}

Note that F = E,UE, U E,, since we have excluded the case of ji; = 612 =0
for any phase i € E. Then we introduce two new phase spaces

Bii={(ij,k,+) 10,j € ByUB, U B, 1<k <mb 5)
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to model the jumps. Define now the enlarged phase space £ = E; U FEUE_.
We define the modified MAP (X, J) over the phase space E as follows. Set the
parameters (u;,02,v;) for i € E as

(£1,0,0), i€ Ey

o = (6)
(ﬂiagi70)7 ZGE:EPUEO'UETL

(Mi,az’zvyi> = {

This leads to the cumulant functions

+a, i€ Ey
Yi(a) = Q pia, 1€ E,UE, (7)
1.2 2

We shall order the new phase space £ = E4 U F, U E, U E, U E_ such that
iy < ip < i, < ip < i_ for phases i, € E,. Let E, := E, U E, U E,, denote
the subspace of E/ that contains all phases under which the real time movements
are continuous. The modified phase process J is determined by its generator
@ = (¢ij)i,jer. For this the construction above yields

Gii — i, h=1€E,
= { T L P I Bl 2 ©
Aay T, h=(i,i,k, %)
Gij - v - o, h=(ijk +)
for i € E. as well as
Qigs) e =T and ey =00 9)
fori,j€ E.and 1 <k, < mf; For later use we define ¢; := —¢;; for all i € E.

The original level process X is retrieved via the time change

t
c(t) ;:/ ]I{JSGEC} ds and Xc(t) =X, (10)
0

for all t > 0. Likewise, we obtain
L +
S(t) == (sustb> = sup X, —b] =S(c(t)
s<t s<c(t)
and for the generalised inverse
S a) = o(S7H (@)

The inverses of the cumulant functions v¥; can be given explicitly as

+3, 1€ By

$:(8) =4 2, icE,UE, (11)

L2+ -8 jeE,



We shall, however, use them only for the so—called ascending phases i € F, :=
E,UE,UE,.

Example 2 Continuing example 1, we obtain the MAP (X,J) as follows. In
equation (3) we have AJ = X and \; = 0. Further mJ, = 1 since the positive
jumps have an exponential distribution. Hence the enlarged phase space is given
by EL = {1}, E, = {2}, and E, = E, = E_ = (). The parameters are given by
0'1:0'220, Mlzl, /.1/2:—1, V1:l/2:07 and

o=(V4)

3.2 First passage times

Of central use in the present paper will be the recent derivation of the Laplace
transforms for the first passage times of MAPs as given in [12]. We call the
phases i € Fy := E, U E_ descending. Define the first passage times

7(x) :=inf{t >0: X; > z} and 7(x) :=inf{t > 0: X; > x}

for all # > 0 and assume that X, = X, = 0. Note that 7(z) is the first passage
time over the level x for the original MAP X, meaning that we do not count the
time spent in jump phases ¢ € EF1. This means that

7(x)
#z) = e(r(x)) = / I,cz.ds

according to (10). In particular, we may compute expectations over 7(x) using
the distribution of the modified MAP (&X', J) only and without needing to recur
to the original MAP (X, J). For v > 0 denote

Eij(e™ 7)) = E(e s o) = jlJo =i, Xo = 0)
for all 4,5 € E. Let E(e~?7(*)) denote the matrix with these entries and write

E(e—7®) = (B (€77 Eqga(e7)
¢ - E(d’a)(e_'ﬁ(’”)) E(d, )(e—w?(z))

in obvious block notation with respect to the subspaces £, = F, U E, U E,
(ascending phases) and Eq = E, U E_ (descending phases).

Since a first passage to a level above cannot occur in a descending phase, we
obtain first P(J(,) = j) = 0 for all j € E4 and thus

Ega) (e 77®) = Eq g (e ®) =0

where 0 denotes a zero matrix of suitable dimension. Equation (6) in [12] states
that i
E (4,a)(¢7770) = A(y)e"



and i
]E(a,a)(eﬂf(w)) — Uz

for some sub—generator matrix U(y) of dimension E, x E, and a sub—transition
matrix A(y) of dimension E; x E,. Altogether we can write

E(e 7@ = ( AI(‘; )) (V= 0) (12)

where I, denotes the identity matrix of dimension E, x F,.

Write Ay := diag(q;)ice and let P = A;'Q+ 1 denote the transition matrix
of phase changes. Note that p;; =0 for all i € FE.

In order to shorten notation, we shall write A = A(y) and U = U() unless
we wish to stress dependence on ~. According to theorem 3 in [12], A and U
satisfy the following equations:

e i+ s (L .
U= STl +1 (1) for h = (i,j.k, +) € E.
=1

1, .
e U = ¢i(qi) Zpij e} <A> Li(-U) — ¢i(q;i +7)e; forie E, UE,,
jEE

= > qu]( ) ((qi + ) Ia — i (~U))""  forie E,, and

JEE,j#i
I - .
Z gij€; <£) (gila —i(=U)) " forie E_.
JEEj#i
where €], e and e, denote canonical row base vectors with suitable dimension.

For the MAP (X, J) with continuous level process, the matrix function

di
Li(-U) = bi(q:) (¢i(gi + VLo +U) - (@ + 7)o —i(=U))” !
can be simplified considerably. For i € E,, the same arguments as in [12], ex-
ample 2, lead to

Li(=U) = ¢;(a:) - (65 (@i + 7)o — U) 7 (13)

G0 =L fas it (14)

Furthermore, L;(—U) = I, for i € E, (see example 3 in [12]), while according
o (7) ¥i(=U) = —w;U for i € E,, and ¢;(-=U) = U for i € E_. Hence the
equations above involve rather simple expressions only.

Considering (11), the matrices A(y) and U() can be determined by succes-
sive approximation as the limit of the sequence ((A,,U,) : n > 0) with initial

with



values Ag := 0, Uy := —diag(¢i(¢; + 7)licr,uE, + ¢i(0:)licE, )ick,, and the
following iteration:
+
= 1] 17 Ia .o
e Uns1 = ZTIEZJ)+eI(i,j,l,+) + nl(cj)+e;' (A > for h = (i,5,k,+) € E,
=1 "
i 1 a .
e;Un+1:7q;76;+f Z qij €] (1{1 > for i € E,,

' jEE j#i

I, _ ,
A1 =Y aief (A )((qi+v)1+mUn) b fori€ By,

JEE,j#i
€iAns1 = Z ije} <ia) (I —U,)"" fori€ E_, and
JEEj#i "
/ 2 / ICL * —1 /
€iUnt1= — > e (An) (@i (@ + NI = Upn)™" = ¢i(qi +7)e;
v JEE,j#

for i € E,. For the last equality the relation ¢;(q;)¢;(q;) = 2¢;/0? has been
used. Note that the only difference between the iterations for F, and E_ is the
missing 7y in the last factor for F_, reflecting that we do not discount the time
for phases ¢ € F_ as they are jump phases in real time.

Example 3 Continuing example 2, first note that phase 1 represents the up-
wards jumps and we will not discount the time during sojourns in it. As shown
in [12], example 5, the Laplace transform of the first passage time over a level
x > 0, is given by

E(e’”%m) = AeY" where A= -k ; R, U=-R

and

~R=3 (A tr- 8-V N+ 45)

This coincides with equation (4.24) in [15], noting that v is denoted as ¢ there
and ¢ =1 in our case.

3.3 The two-sided exit problem
Define the stopping times 7(0,b) :=inf{t >0: X; <0 or X; >b} and

7(0,b) B B
7(0,b) := / Iijep ds =inf{t >0: X, <0 or X;>b} (15)
0

which are the exit times of X and X from the interval [0, b], respectively. For the
main result we need an expression for

vt (blz) == E (vaf(o’b);Xr(o,b) =b,Jr0p) = jlJo =1i,Xo0 = x)



where z € [0,b] and i,j € E. Clearly W;(b|x) =0 for j € E, since an exit over
the upper boundary can occur only in an ascending phase. Define the matrix
@t (blx) == (75 (blz))icr jer, . A formula for ¥ (bx) has been derived in [16].
In order to state it we need some additional notation.

Let (X1, 7) denote the MAP as constructed in section 3.1 and define the
process X~ = (X; :t > 0) by X; = —X;" for all t > 0 given that X; =
Xy =0. Thus (X~,J) is the negative of (X", 7). The two processes have the
same generator matrix @) for J, but the cumulant functions of the Lévy process
governed by phase i € E are different and relate as ¢, (a) = ¥} (—a). Denoting
variation and drift parameters for X% by aii and p;-, respectively, this means
of = o0 and pu; = —pj for all i € E. This of course implies that phases
i€ EyUE, (resp. i € E_UE,) are descending (resp. ascending) phases for X'~.

Let A*(y) and U* () denote the matrices that determine the first passage
times in (12). We shall write A* = A%(y) and U* = U*(y) except in cases

when we wish to underline the dependence on ~y. Define the matrices

(V) A~
+ . E, - .
ot = < 2 ) amd O = (IEU 0)

of dimensions (F, U Ey) X E, and E, x (E, U Ey), respectively. Further define

I A~
Wt .= E, W~ =
o <A+> and T (IEUuEd>

which are matrices of dimensions E x E, and E x (E, U E;). Finally, let Z* :=
C*eU* . Then equation (23) in [16] states that

ot (blz) = (W+eU*'<b*f”> - W*eU"zﬁ) (1-2zz")"" (16)

for 0 < z <b. Note that this expression depends on a choice of v > 0.

-1

Remark 1 Noting that (I —Z~ZT)" = > (Z=Z*)" and Z~Z7 repre-
sents a crossing of the interval [0,b] from b to 0 and back, this formula has
a clear probabilistic interpretation. The term Wel™ - (b-o) simply yields the
event that X exits from b. The correction term W~eV #Z+ refers to the event
that X descends below 0 before exiting from b. Multiplication by (I — Z~Z +)_1
yields all possible combinations with any number of subsequent (down and up)
crossings over the complete interval [0, b].

Remark 2 Since Z+ = C*eV " *? we can write WUt (b|z) in the form
- _ —1
WJr(b\x) = (W+67U+~aj o erU (EC+> (67U+.b . CieU 'bc+)

This comes closer to the usual expression of the exit time distribution in terms of
scale functions. For instance, let X be a Brownian motion with variation o > 0
and drift g € R. We then obtain

ot +pu— /2 + 2vo?
o2
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Denote —r := Ut and s := U~. Then

rTT ST

(& — €

er(b‘x) - erb _ esb

ST

cf. [14], (2.12 - 2.15), where the v-scale function is given as g(z) = e’ — e

Example 4 Another example is the M/M/1 queue during a busy cycle, which
is the negative of the classical compound Poisson model with exponential jumps
used in insurance mathematics. This continues example 3. We obtain

Ut =2 ((0+7 - 8) — VB -7 - N+ 457

Denote R := —U™T and p := —U~ and compare this to [15], equations (3.12)
and (4.24), with § = v and ¢ = 1. Section 3.2 further yields A~ = /(5 + p) and
AT = (8 — R)/f. Thus, starting with buffer content = in the descending phase,
we obtain

Ut (blz) = (A+6_U+'x - eU7'1A+) (e‘U+‘b - A_eUf'bA'*')i1

— ﬂ_RRx_fmﬂ_R Rb ﬂ ,bﬂ_R
‘( 7 s )/G 1" B )

B 8—R eliz _ o—p2
SO T B e (- R

This is the Laplace transform of the time to buffer overflow within a busy cycle.

4 Main result

Starting with an initial buffer content u < b or with v = b but in a descending
phase, there is a positive probability of no overflow at all before the buffer
empties. Let a denote the initial phase distribution of (X, J), i.e. oy = P(Jy = 7)
for all i € E. Then equation (16) yields, with v := 0,

1—a¥™t(blu)l, u<b

P(D=0)=
D=0=91_0(% Y urppy1, uzs
01p,

where I, denotes the identity matrix of dimension |Ey|. Clearly the event D =0
means that X exits the interval [0,b] at the lower boundary first. We further
observe that an overflow can occur only in ascending phases, i.e. on the time set
{tZOZJtEEa}.

We wish to derive an expression for the function

F(z,v):=E (6775_1(30);D > 9:)
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where z,y > 0. The strong Markov property and the fact that an exit from [0, b]
at the upper boundary can occur only in an ascending phase yield together

F(z,7) =" (bju) E (e‘”gil(z); D> z|Xy = b)

where the last factor (written as an expectation) is an E, X E, matrix with
entries

E (e—vg’l(ﬂ;D > 2, g1 (a) = 41 X0 = b, Jo = z)

for i, € E,. This observation may be compared with equation (2.16) in [14].
Thus it suffices to determine the matrix-valued function

M(z,7) :=E (e—ﬁ”(@; D > 2|X, = b)
This is the content of our main result.

Theorem 1 The distribution of the total overflow above the level b, given that
Xo =0b and Jy € E,, is matriz-exponential. Specifically,

M(x,7) = 0

for ~v,x >0, where
_ _ —1
G(b) = (U%*U”’ yCoev bU*C*) (e*U”’ _Cev bc+)

Proof: We employ the following approximation. Assume that the penalty for
an overflow is paid out in small batches of sizes € > 0 rather than continuously.
More exactly, we define a process (X<, J¢) as follows. The phase process J¢
shall equal J almost surely. The level process X'* behaves like X' in the interval
[0, b] but may go above the level b. Whenever X' reaches the level b+e¢, we pay a
penalty of amount ¢ whereupon X' jumps back to the level b. The phase process
J¢€ remains unchanged by this jump. The original process (X, J) is obtained if
we let € tend to 0.

Let D¢ denote the total penalty obtained for (X<, 7¢). Then D¢ has a matrix-
geometric distribution, i.e.

M (n,7) 1= B (7775 D* > ne|XG = b) = () 0+ 5|b)>n

(a,

for n € N and v > 0, where

w+

(a,a)

(b+elp) = (€U+e _ C’eU_bC+eU+'(b+€))

x (I - C—eU’-<b+a>c+eU*-(b+e>) !

according to (16), and T,,(¢) denotes the time of the nth payment of an e-penalty.
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Now letting € tend to 0 we obtain that M (z,7) has a matrix-exponential
distribution with parameter

—tim L (o
G(b) =lim ~ (W(M)(b +elb) — 1)

1 S
= lim (eU+5 _I+CeUh (eU c_ I) 0+eU+~<b+e>)
5 19

X (I — C'_eUi'(b"‘E)C-i-eU*-(b-&-s))_1
= (U+ + C_eUibU_CH'eUer) ([ _ C—eU*bC+eU+b)*1

which is equivalent to the statement.
|

Remark 3 Defining an analogue of the y-scale function by
W(z):=eU'"—C el oCt

for > 0, we see first that G(b) = —W'(b)[W (b)]~* where W’(b) denotes the
derivative of the function W(z) at b. Setting v = 0, the mean total overflow
during a busy cycle can be computed as

V(bu) := E (D|Xo = u) = ¥ (blu) E (D| X, = b)

— W (bfu) /m P(D > | Xo = b) da
0
— 0 (blu) /0 M(x,0) dz = &+ (blu) [~ G(b)]
_ (Wﬂ;U*“ - W*eU’“m) (—U+e*U“’ + OV (—UT) c*)fl

Example 5 We continue the example in remark 2 of a Brownian motion fluid
flow. Since there is only one phase, we get Wt = W~ = Ct = C~ =1 and

hence

rTu su

(& — €

V(blu) =

which is equation (2.11) in [14]. Note that for v = 0 we obtain

_[(250), w0
(S’T){(o,—w), 1 <0

This implies

2
i (62pb/02 _ eQu(b—u)/gz) , o> 0
E(D) =4 2,
_ (e2u(b—u)/02 _ e2ub/02) . u<0
2

cf. equation (2.22) in [14] for the case u > 0.
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Example 6 Another example is the M/M/1 queue. Starting in the descending
phase with initial buffer content Xg = u, we obtain for the mean discounted
overflow during a busy cycle

V(blu) = (A+e_U+“ - eU7“A+) (—U+e_U+b +A eV P (-U) A+)71

ﬁgR eRu

_ p—pufb=R
€ B

B B_,—pb,B—R
ReRb + me ppr
8—R eftv _ g=pu
8 (B+p)R-ef+(B—-R)p-e?
Note that this is different from formula (7.8) in [15], as the M/M/1 queue is

the negative of the compound Poisson model in risk theory. Setting v = 0 and
assuming the stability condition 8 > A holds, we obtain

R=p3-)\ and p=0

This yields

_ A (A=B)-(b—u) _ (A—=B)-b
B(D) = 5o5 = (¢ )

for the mean total overflow during a busy cycle.
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